Abstract. A general setting for a multigraded standard monomial theory is introduced and applied to the Cox ring of a wonderful variety. This gives a degeneration result of the Cox ring to a multicone over a partial flag variety. Further, we deduce that the Cox ring has rational singularities.
Introduction
The first appearance of the idea of a standard monomial theory may be traced back to Hodge's study of Grassmannians in [21] , [22] . Then Doubilet, Rota and Stein found a similar theory for the coordinate rings of the space of matrices in [18] . This was reproved and generalized to the space of symmetric and antisymmetric matrices by De Concini and Procesi in [15] .
A systematic program for the development of a standard monomial theory for quotients of reductive groups by parabolic subgroups was then started by Seshadri in [33] where the case of minuscule parabolics is considered. Further, in [26] Seshadri and Lakshmibai noticed that the above mentioned results could be obtained as specializations of their general theory.
This program was finally completed by Littelmann. Indeed, in [27] , he found a combinatorial character formula for representations of symmetrizable Kac-Moody groups introducing the language of L-S paths. Moreover, he used L-S paths as an index set for the basis constructed in [29] and he proved that this basis defines a standard monomial theory for Schubert varieties of symmetrizable Kac-Moody groups. This theory has been developed in the context of LS algebras over posets with bonds in [8] , [9] and [10] .
We want now to briefly recall what a standard monomial theory is, the reader may see [11] for further details about this general setting. Let A be a finite subset of an algebra A and suppose we are given a transitive antisymmetric binary relation ←− on A. We define a formal monomial a 1 a 2 · · · a N of elements of A as standard if a 1 ←− a 2 ←− · · · ←− a N . If the set of standard monomials is a basis of the algebra A as a vector space then we say that (A, ←−) is a standard monomial theory for A. Suppose, further, we have a monomial order t on the monomials of elements of A. By the previous assumption, we may write any non-standard monomial m ′ as a linear combination of standard monomials. If in such an expression only standard monomials m with m ′ t m appear, then we say that we have a straightening relation for m ′ . If we have a straightening relation for each non-standard monomial, then we say that (A, ←−, t ) is a standard monomial theory with straightening relations.
Given a simply connected semisimple algebraic group G over an algebraically closed field k of characteristic 0, a Borel subgroup B ⊂ G and a maximal torus T ⊂ B, let Λ + ⊂ Λ be the monoid of dominant weights and the lattice of weights, respectively. For a dominant weight λ, let V λ be the irreducible G-module of highest weight λ. Let B ⊂ P ⊂ G be a parabolic subgroup of G stabilizing the line generated by a highest weight vector in V λ . Moreover, we denote by B λ the set of L-S paths of shape λ. Littelmann's construction provides a basis A λ = {p π | π ∈ B λ }, indexed by L-S paths, for the module Γ(G/P, L λ ) ≃ V * λ , where L λ is the line bundle over G/P associated with λ. The ring of sections A λ = n 0 Γ(G/P, L nλ ) is generated in degree one and it is the coordinate ring of the cone over the closed embedding G/P ֒−→ P(V λ ) induced by L λ . On the basis A λ one may define a relation ←− and a monomial order t such that (A λ , ←−, t ) is a standard monomial theory with straightening relations for A λ .
In [12] , the second and fourth named authors adapted Littelmann's basis to the Cox ring (see below) of complete symmetric varieties; this class of varieties has been introduced by De Concini and Procesi in [16] . As a consequence, they proved the degeneration of the Cox ring to the coordinate ring of a suitable multicone over a flag variety. This degeneration allowed a new proof of the rational singularity property for the Cox ring of complete symmetric varieties.
The purpose of the present paper is a further extension of these results to the Cox ring of wonderful varieties. As a first step, we take the opportunity to introduce a general setting for a multigraded standard monomial theory modelled on the above recalled one. This setting may be briefly summarized as follows, see Section 2 below for details.
Let A . = A 1 ⊔A 2 ⊔ · · · ⊔A n be the union of disjoint finite subsets of an algebra A. Suppose we have a binary relation ←− on A such that ←− restricted to A i is transitive and antisymmetric for all i = 1, 2, . . . , n and, further, suppose we have bijective maps φ i,j , called swaps, from the set of comparable pairs a ←− b of A i × A j to the set of comparable pairs b ′ ←− a ′ of A j × A i satisfying some mild conditions. We define a formal monomial a 1 a 2 · · · a N as weakly standard if a 1 ←− a 2 ←− · · · ←− a N , and we say it is standard if all monomials obtained by repeatedly swapping adjacent pairs in all possible ways, via the φ i,j 's, are weakly standard. We define the multigrade of a monomial a 1 a 2 · · · a N as (k 1 , k 2 , . . . , k n ) ∈ N n where k i is the number of elements of A i in the monomial. If the set of standard monomials is a basis for A as a vector space and this basis induces a multigrading for A, we say that (A, ←−, φ i,j ) is a multigraded standard monomial theory for A. As above we introduce also the notions of monomial order and straightening relations for non-standard monomials.
We prove that the kernel of the natural map from the symmetric algebra over A to A is generated by the straightening relations of minimally non-standard monomials, that is by the straightening relations of those non-standard monomials which are not a product of non-standard monomials of smaller degree. In particular, we show that if any weakly standard monomial is standard then such kernel is generated in degree two.
We also show how, given a valuation map for monomials that is compatible with the total order t , one may construct a flat degeneration of A.
As a motivating example for this setting one may see the multigraded standard monomial theory for the multicone over a flag variety constructed by the second named author in [10] . This is described in details in Section 3. Now we recall which is the type of varieties we are interested in. A G-variety X is wonderful of rank r if it satisfies the following conditions: -X is smooth and projective; -X possesses an open orbit whose complement is a union of r smooth prime divisors, called the boundary divisors, with non-empty transversal intersections; -any orbit closure in X equals the intersection of the prime divisors which contain it. Examples of wonderful varieties are the flag varieties, which are the wonderful varieties of rank zero, and the complete symmetric varieties. Wonderful varieties have been considered in full generality by Luna in [30] , [31] in the context of spherical varieties. See [5] for a general introduction to wonderful varieties.
If X is a wonderful G-variety, then the Picard group Pic(X) is freely generated by the classes of the B-stable prime divisors of X which are not G-stable. These divisors are called the colors of X. Since X contains an open B-orbit, the colors form a finite set ∆, so that Pic(X) is a free lattice of finite rank. Given D ∈ Z∆, we denote by L D the corresponding line bundle.
The direct sum
has a ring structure (see Section 4 below) and it is called the Cox ring of X. Denote by σ 1 , . . . , σ r the boundary divisors of X, and let s i be the section of O(σ i ) defining σ i , for i = 1, . . . , r. As an algebra C(X) is generated by the sections of the line bundles L D = O(D) with D ∈ ∆ together with the sections s 1 , . . . , s r .
By definition, X contains a unique closed G-orbit Y ≃ G/P for a suitable parabolic subgroup P , and given D ∈ N∆ we denote by λ D the highest weight of the dual of the simple
to the equivariant line bundle on G/P associated to the dominant weight λ D . By taking into account the description of Γ(X, L D ) as a G-module, we lift Littelmann's basis of Γ(Y, L λD ) to X, and we take as algebra generators for C(X) this set of lifts together with the sections s 1 , . . . , s r .
Consider the coordinate ring C(Y ) = ⊕ E∈N∆ Γ(Y, L E Y ) of the multicone over the flag variety Y associated to the dominant weights λ D , with D ∈ ∆. In Section 4 we construct a multigraded standard monomial theory for C(X) by extending, in a natural way, those of C(Y ).
As a consequence of our standard monomial theory, we obtain a flat deformation which degenerates C(X) to the product k[s 1 , . . . , s r ] ⊗ C(Y ). Since multicones over flag varieties have rational singularities by [23] and, since the property of having rational singularities is stable under deformation by [20] , it follows that the Cox ring C(X) has rational singularities as well. From this it follows at once that, given D ∈ Z∆, also the ring C D (X) = ⊕ n 0 Γ(X, L nD ) has rational singularities. Both C(X) and C D (X), for any D ∈ Z∆, can be seen as coordinate rings of affine spherical varieties, see [7, Section 3.1] , and the fact that affine spherical varieties have rational singularities was already known, see [32] and [1] .
Multigraded standard monomial theory
In this section, as a first step, we introduce the notion of a multigraded standard monomial theory. This requires some technical machinery which we express in a very abstract setting. In the next section we see the application to the multicone over a flag variety and in Section 4 that to the Cox ring of a wonderful variety.
For further details the reader may see the various referenced papers as suggested below. In particular, the multigraded standard monomial theory we are going to introduce is modelled on the general definition of a standard monomial theory given in [14] ; see also [9] and [10] where such kind of standard monomial theory is developed in the context of posets with bonds.
We begin with a field k and a commutative k-algebra A. Let A 1 , A 2 , . . . , A n be disjoint finite subsets of A, let A . = A 1 ⊔A 2 ⊔ · · · ⊔A n and define the shape of a ∈ A i as the index i. We extend the notion of shape to formal monomials m . = a 1 a 2 · · · a N of elements of A by declaring that the shape of m is (i 1 , i 2 , . . . , i N ) if a h has shape i h for h = 1, 2, . . . , N .
Suppose we have a binary relation ←− on A that is antisymmetric and transitive when restricted to A i for all i. We say that a monomial a 1 a 2 · · · a N of elements of A is weakly standard if a 1 ←− a 2 ←− · · · ←− a N . Given i, j, let φ i,j be a map from the set of weakly standard monomials of shape (i, j) to the set of weakly standard monomials of shape (j, i). If these maps verify φ i,i = Id and φ i,j φ j,i = Id, then we call them swap maps.
Now let m = a 1 a 2 · · · a N be a weakly standard monomial. Since any pair a j a j+1 is weakly standard, we may swap it and obtain a new monomial
where a
is the swap of a j a j+1 . If also m ′ is weakly standard, then we may apply another swap, etc. If the shape of m is a non decreasing sequence and if all monomials obtained from m by swaps are weakly standard, then we say that m is a standard monomial (notice that the number of swaps of m is surely finite since A is a finite set).
We say that the above datum (A, φ i,j , ←−) is a multigraded standard monomial theory for A if the set of standard monomials in A, regarded as elements of A via the natural map S(A) −→ A from the symmetric algebra over A to A, is a basis of A as a k-vector space and if this basis induces a multigrading on A via the monomial shape: the multigrade of a monomial m is (
A standard monomial theory usually has another feature, the straightening relations. In order to express them we introduce a monomial order t on monomials in A (see [19] ), namely t is a total order on the set of monomials in A with the following properties: Theorem 2.1. If (A, φ i,j , ←−, t ) is a multigraded standard monomial theory with straightening relations for A, then R is generated by the straightening relations of the minimally non-standard monomials.
Proof. Let I be the ideal of S(A) generated by the straightening relations SR(m) for minimally non-standard m. Since by definition I ⊆ R we have a surjective map S(A)/I −→ S(A)/R. Moreover the set of standard monomials are a k-basis for S(A)/R ≃ A, so if we show that the images of standard monomials are a basis also for S(A)/I we have I = R.
In order to prove this claim we use induction of the total degree of a minimally non-standard monomial m and on the order t to prove that m is a sum of standard monomials in S(A)/I.
If either m has total degree one or it is t -maximal of its degree, then it is standard as follows by the definition of standardness and by the order requirement in a straightening relation, respectively. Now suppose m = m 1 m 2 with m 1 , m 2 = 1 and m 1 non-standard. Since m 1 has total degree less than that of m, it is sum of standard monomials in S(A)/I, in particular m 1 = a n n and in this sum n runs over the standard monomials such that m 1 t n. So m = m 1 m 2 ≡ a n nm 2 (mod I) and m < t nm 2 for all n. Using the inductive hypothesis on t , all nm 2 's are sums of standard monomials, hence also m is sum of standard monomials in S(A)/I.
As a corollary we have the following result.
Corollary 2.2. If all weakly standard monomials are standard, then the ideal R of relations is generated in degree two.
Proof. We prove that the total degree of a minimally non-standard monomial is necessarily 2. Indeed let m . = a 1 a 2 · · · a N be a minimally non-standard monomial with N 3. Then, writing m = (a i a i+1 )m ′ we see that a i a i+1 is standard for all i. So a i ←− a i+1 for all i, and m is weakly standard, hence it is standard.
In the last part of this section we see how a degeneration for A may be constructed using the straightening relations (see also [9] for further details about this kind of degeneration in the language of LS algebras). Suppose we have a valuation: a map δ : A −→ N such that, when extended to monomials by δ(mn) = δ(m) + δ(n) for all m, n, we have δ(m) δ(n) if m t n.
For an integer n, let K n be the ideal of A generated by those monomials m such that δ(m) n and consider the Rees algebra
be the fiber over a. Notice that we have an action of k * on A given by λ · t = λt, for all λ ∈ k * ; hence isomorphisms A a −→ A λ −1 a between the fibers. In particular all generic fibers, i.e. A a with a = 0, are isomorphic to A 1 ≃ A. On the other hand the special fiber A 0 = A/(t) is isomorphic to the associated graded algebra
We may now state our deformation result. Theorem 2.3. There exists a flat k * -equivariant degeneration of A to A 0 whose all generic fibers are isomorphic to A while the special fiber A 0 is isomorphic to the quotient of the symmetric algebra S(A) by the ideal generated by the relations
where m ′ is a minimally non-standard monomial and m ′ − m a m m is its straightening relation.
Proof. We have only to prove the last part about A 0 . Consider the symmetric algebra T . = S(A, t) with indeterminates the set of generators A and the parameter t. Let B be the quotient of T by the ideal generated by the modified straightening relations
for all m ′ minimally non-standard. We may define a map
Standard monomial theory for multicones over flag varieties
In this section we apply the abstract construction of the previous section to the multicone over a flag variety; this is the motivating example for the above general setting of a multigraded standard monomial theory.
Let G be a simply connected semisimple algebraic group over a algebraically closed field k of characteristic 0 and let T ⊂ B ⊂ G be a maximal torus and a Borel subgroup of G, respectively. Denote by W the Weyl group and by Λ ⊃ Λ + the lattice of integral weights and the monoid of dominant weights associated to the choice of T and B. For a dominant weight λ denote by W λ ⊆ W its stabilizer and by W λ ⊆ W the set of minimal representatives of the cosets W/W λ ; denote, moreover, by the Bruhat order on W and on W λ . Now let P ⊇ B be a parabolic subgroup of G stabilizing the line generated by a highest weight vector v λ in the irreducible G-module V λ of highest weight λ. We have a natural map G/P ∋ gP −→ [g · v λ ] ∈ P(V λ ) from the flag variety G/P to the projective space over V λ . We use this map to define the line bundle L λ on G/P as the pull-back of O(1) on P(V λ ); we denote the space of its sections by Γ(G/P, L λ ). Notice that, as G-modules, we have Γ(G/P, L λ ) ≃ V * λ , the dual of V λ . In the sequel we denote by λ * the unique dominant weight such that V λ * ≃ V * λ as G-modules. In In particular, if we start with the path π λ : t −→ tλ we obtain the set B λ of L-S paths of shape λ; they may be combinatorially described in the following way. Given a pair τ < s β τ of adjacent elements in W λ , where s β is the symmetry with respect to the root β, we define f λ (τ, s β τ ) . = τ (λ),β . Further, we extend f λ to generic comparable pairs σ < τ in W λ by choosing a chain σ = τ 1 < τ 2 < · · · < τ u = τ of adjacent elements in W λ and defining f λ (σ, τ ) . = gcd{f λ (τ 1 , τ 2 ), . . . , f λ (τ u−1 , τ u )}; indeed such gcd is independent of the chain used to compute it (see [17] ).
A pair η . = (τ 1 , τ 2 , . . . , τ r ; a 0 , a 1 , . . . , a r ), where τ 1 < τ 2 < · · · < τ r is a sequence of comparable elements of W λ and 0 = a 0 < a 1 < · · · < a r = 1 are rational numbers, is an L-S path if the integral condition a i f λ (τ i , τ i+1 ) ∈ N holds for all i = 1, 2, . . . , r − 1. The pair η is identified with the path
where we denote concatenation of paths by * . The set supp η . = {τ 1 , τ 2 , . . . , τ r } is called the support of the path η.
Let W be the set of words in the alphabet W and denote by N λ the least common multiple of the image of f λ ; we define the word w(η) of the L-S path η = (τ 1 , τ 2 , . . . , τ r ; a 0 , a 1 , . . . , a r ) as w(η) . = τ
; this will be needed in the sequel to define a monomial order.
The set B λ not only describes the character of the irreducible G-module V λ , but also, in [29] , Littelmann associates a section p π in Γ(G/P, L λ ) to an L-S path π ∈ B λ . The set A λ . = {p π | π ∈ B λ } of these sections may be used to construct a standard monomial theory as follows. For more details about the combinatorics of L-S paths and their application to the geometry of Schubert varieties one may see [8] .
Given two dominant weights λ, µ we lift the Bruhat order on W λ and
′ with respect the Bruhat order of W . For details we refer to [10] . Notice that this lift is still the Bruhat order if λ and µ have the same stabilizer in W . We use this order to define a relation ←− Recall that the set of pairs (π, η) ∈ B λ × B µ such that π ←− λ,µ η is in natural bijection with the basis B π λ * πµ as proved by Littelmann in [28] . Further the two bases B π λ * πµ and B πµ * π λ of the module V λ+µ are in bijection by a unique isomorphism of crystal graphs (see [27] ). So we have the diagram
corresponds to (π, η) for the composition of the above three bijections.
Finally let λ 1 , λ 2 , . . . , λ n be dominant weights stabilized by the parabolic subgroup P . As seen before for a pair of dominant weights, we define an order on
′ with respect to the Bruhat order on W . Further we refine this order to a total order t such that W λi ∋ σ t τ ∈ W λj only for i j.
On the formal monomials in
Finally notice that we may define a relation ←− on A by declaring p π ←− p η if π ∈ B λi , η ∈ B λj and π ←− λi,λj η.
Now consider the k-algebra
where the sum runs over all n-uples of positive integers m 1 , m 2 , . . . , m n 0. This algebra is the coordinate ring of the multicone over the partial flag variety G/P mapped diagonally in P(V λ1 ) × · · · × P(V λn ).
We finally have all we need to define a standard monomial theory. (λ 1 , λ 2 , . . . , λ n ). With respect to the monomial order t , any nonstandard monomial in the p π 's has a straightening relation. Moreover, the algebra A(λ 1 , λ 2 , . . . , λ n ) is isomorphic to the quotient of the symmetric algebra S(A) by the ideal generated by the quadratic straightening relations.
Remark 3.2. We point out that in the proof of [10, Proposition 4.1] there is a slight inaccuracy: in that paper only the quadratic straightening relations are proved. Indeed, to our best knoweledge, the higher degree straightening relations cannot, in general, be derived by the quadratic straightening relations. And this is true also if the ideal of relations in A are generated by quadratic relations (see [23] ). The point is: the order requirement in the higher degree straightening relations cannot be, in general, deduced by the same order requirement of the degree two straightening relations (this is the false argument used in [10] ). However, for the multicone over a flag variety, the order requirement of the straightening relations of any degree may be proved by generalizing verbatim Proposition 7.3 and Corollary 7.4 in [25] to higher degrees and to products of sections p π 's of different shapes.
Standard monomial theory for the Cox ring of a wonderful variety
Let X be a wonderful G-variety with (unique) closed G-orbit Y , and fix a parabolic subgroup P ⊇ B such that Y ≃ G/P . By [30] , X is spherical, i.e. it possesses an open B-orbit, say B · x 0 ⊂ X. Since B · x 0 is affine, G · x 0 B · x 0 is a union of finitely many B-stable divisors and we denote by ∆ the set of their closures in X:
The elements of ∆ are called the colors of X. Denote by B − the opposite Borel subgroup of B and let y 0 ∈ Y be the unique B − -fixed point of X. The normal space of Y in X at y 0 , T y0 X/T y0 Y , is a multiplicity-free T -module. The elements of the set Σ . = {T -weights of T y0 X/T y0 Y } are called the spherical roots of X and they naturally correspond to the local equations of the boundary divisors of X, which are G-stable. If σ ∈ Σ, we denote by X σ the associated boundary divisor of X such that T y0 X/T y0 X σ is the one-dimensional T -module of weight σ. Notice that ZΣ is a sublattice of Z∆.
Recall that every line bundle on X or on Y has a unique G-linearization. As a group, Pic(X) is freely generated by the equivalence classes of line bundles
is globally generated, respectively ample, if and only if E is a non-negative, respectively positive, combination of colors.
The restriction of line bundles to the closed orbit induces a map λ : Pic(X) −→ Λ; given E ∈ Z∆ we set λ E .
and, moreover, we set V E . = V * λE for short. (Hence L E Y ≃ L λE where this last line bundle is defined in the previous section.) Moreover, in particular, Γ(X, L E ) contains a copy of V E and, X being spherical the decomposition of Γ(X, L E ) is multiplicity-free.
If γ . = a σ σ ∈ NΣ, we denote by s γ ∈ Γ(X, L X γ ) a section whose divisor is equal to X γ . = a σ X σ ; notice that this section is G-invariant. If E, F ∈ Z∆ are such that F − E ∈ NΣ, then we write E Σ F . If E ∈ N∆, F ∈ Z∆ and E Σ F the multiplication by s F −E induces a G-equivariant map from the sections of L E to the sections of L F , in particular we have s
Since Pic(X) is a free lattice, the space
is a ring; in analogy with the toric case C(X) is called the Cox ring of X. The ring C(X) was studied in [12] and [11] in the case of a wonderful symmetric variety (where it is called respectively the ring of sections of X and the coordinate ring of X), and in [7] in the case of a wonderful variety (where it is called the total coordinate ring of X).
Since X is irreducible, C(X) is generated as a k-algebra by the sections s σ and by the modules
It follows that C(X) is a quotient of the symmetric algebra
where we fix an ordering Σ = {σ 1 , . . . , σ r } and we set s i . = s σi for short. Further, notice that the quotient of C(X) by the ideal generated by the sections s 1 , . . . , s r is isomorphic to the coordinate ring of a multicone over the flag variety
where ∆ = {D 1 , . . . , D q } is any fixed ordering of ∆. Therefore we have surjective maps S(X) −→ C(X) −→ C(Y ), The rings S(X), C(X) and C(Y ) all have natural Z∆-gradings, and the previous maps are morphisms of Z∆-graded G-algebras.
By Theorem 3.1 we have a standard monomial theory with straigthening relations for C(Y ). Our aim is to extend it to a standard monomial theory for the Cox ring C(X), and deduce a degeneration result for such a ring. The ideal I X which defines C(X) in S(X) is generated by quadratic relations (see [7, Proposition 3.3 .1]), in our main result we will give a description of I X in terms of our standard monomial theory, namely we will show that I X is generated by the quadratic straightening relations.
Given D ∈ ∆ we denote by
In particular, S(X) is the symmetric algebra in the indeterminates A X . If x π ∈ A ∆ , its shape is the unique D ∈ ∆ such that First we extend the relation ←− to A X by declaring s 1 ←− s 2 ←− · · · ←− s r and s i ←− x π , x π ←− s i for all i = 1, 2, . . . , r and all π ∈ B ∆ . Next we extend the swap maps by
for all i = 1, 2, . . . , r and all π ∈ B ∆ . Finally, we extend the monomial order We denote by SM(X) ⊂ M(X) the set of standard monomials in A X , and if E ∈ Z∆ we denote by SM E (X) ⊂ M E (X) the set of standard monomials and of all monomials of shape E, respectively.
Following [12, Theorem 3] , we are now able to construct a standard monomial theory for the Cox ring C(X) of a wonderful variety X.
Theorem 4.2.
i) Given E ∈ Z∆, the images of the standard monomials of shape E form a basis of Γ(X, L E ). ii) Given a non-standard monomial m ′ the equality a m m is a straightening relation in C(Y ). iii) The defining ideal I X ⊂ S(X) is generated by the quadratic straightening relations, i.e. by the relations in ii) for the quadratic non-standard monomials. In particular, the set of generators A X together with the above defined swap maps, relation and monomial order define a multigraded standard monomial theory with straightening relations for the Cox ring C(X).
Proof. We prove the first two statements together. Let π 1 , . . . , π N ∈ B ∆ be such that x π1 · · · x πN is not standard. In A(Y ), by Theorem 3.1, we have a straightening relation
where p π1 · · · p πN t n for all n such that a n = 0. Since X G·x 0 is a normal crossing divisor with smooth irreducible components, a section in C(X) vanishes on the closed orbit Y if and only if it is in the ideal generated by the sections s 1 , . . . , s r . By construction the difference x π1 · · · x πN − n a n n is homogeneous w.r.t. the Z∆-grading, and it vanishes on Y . Hence we have
where x π1 · · · x πN t n for all n ∈ SM(Y ) with a n = 0. Proceeding inductively on the partial order Σ , the previous equality implies that in C(X) the image of every monomial m ′ ∈ M E (X) may be written as the image of a sum of standard monomials m ∈ SM E (X) with m ′ t m. Therefore the image of the standard monomials of SM E (X) in C(X) is a set of generators for Γ(X, L E ) as a vector space. On the other hand, by Theorem 3.1, the images of the standard monomials n ∈ SM(Y ) form a basis for C(Y ); hence for all F ∈ N∆ the images of the standard monomials n ∈ SM(Y ) of shape F form a basis for the graded component
and this finishes the proof of i) and ii). Now, in order to prove iii), let J be the ideal of S(X) generated by the quadratic straghtening relations, i.e. by the above relations for non-standard monomials x π1 x π2 . Clearly J ⊆ I X and we want to show that these two ideals are equal.
The quotient S(X)/ J, s 1 , . . . , s r is isomorphic to C(Y ) since the relations for this last ring is generated by the quadratic straigthening relations; indeed it is generated in degree 2 by [23, Proposition 2] . So, if m ′ is a non-standard monomial m ′ + s 1 , . . . , s r is a sum of standard monomials modulo J. Hence in S(X)/J the monomial m ′ is a sum of standard monomials m with ν(m) = 0 plus s 1 y 1 +· · ·+s r y r for some homogeneous elements y 1 , . . . , y r whose shapes are < Σ of that of m ′ . Proceeding again by induction on the shape of a non-standard monomial we see that any straigthening relation is an element of J. So J = I X and the last statement of the proposition is proved.
The standard monomial theory constructed in the previous theorem is compatible with the G-orbit closures in X. Recall that the subsets I ⊆ Σ parametrize the G-orbits in X; that is, for every x ∈ X there is a unique I ⊆ Σ such that G · x = σ∈Σ I X σ . = X I . The G-stable subvariety X I is again a wonderful variety; its set of spherical roots coincides with I. Given I ⊆ Σ, we say that a standard monomial m ∈ SM(X) is I-standard if ν(m) ∈ Σ I Z . We denote by SM I (X) the set of I-standard monomials, and by SM I E (X) the set of the I-standard monomials of shape E ∈ Z∆. Corollary 4.3. Given E ∈ Z∆, the images of the I-standard monomials SM I E (X) are a basis for Γ(X I , L E XI ).
Proof. Let J . = Σ I. Then the restriction of sections ρ : Γ(X, L) −→ Γ(X I , L E XI ) is a surjective map, and we have
where we write F J E if and only if E − F ∈ NJ. It follows that the images of the J-standard monomials of shape E give a basis for ker ρ, whereas the restrictions of the images of the I-standard monomials of shape E give a basis for Γ(X I , L E XI ).
When X is the wonderful compactification of a semisimple adjoint group regarded as a homogeneous G × G-variety, the above constructed standard monomial theory is even compatible with the B × B-orbit closures (see [2] ).
Degeneration and rational singularities
Any straigthening relation involves monomials with higher power of the sections s 1 , . . . , s r . This allows us to degenerate Spec C(X) to the product of the affine space k r with a multicone over the flag variety G/P ≃ Y . Let us see the details for such a degeneration. Proof. We define a map δ : A X −→ N by δ(x π ) = 0 for all π ∈ B ∆ and δ(s i ) = 1 for all i = 1, 2, . . . , r. This map is a valuation for the standard monomial theory of C(X) by Theorem 4.2. Hence we may apply Theorem 2.3. The special fiber is isomorphic to the ring in the statement of the theorem again by Theorem 4.2.
Moreover, for this valuation map the Rees algebra is
with K the ideal of C(X) generated by the sections s 1 , s 2 , . . . , s r . So, being K generated by G-invariants, the action of G on C(X) induces an action on C by letting G act trivially on t. In particular G acts on each fiber and it is clear that this G-action commutes with the isomorphisms C a −→ C λ −1 a for any a ∈ k and λ ∈ k * . So the deformation is also G-equivariant.
We now apply this degeneration result to the study of the singularities of the algebra C(X). A variety X is said to have rational singularities if there exists a resolution of singularities π : Y −→ X of X such that R i π * O Y = 0 for i > 0 and π * O Y = O X . If such a property holds for a resolution then it holds for all resolutions. Finally a ring A is said to have rational singularities if Spec A has rational singularities.
We have the following properties: (a) a multicone over a flag variety has rational singularities (see [23] , Theorem 2) (b) if X is an affine G-variety with rational singularties and G is a reductive group then X/ /G has rational singularities (see [3] ) (c) if (X , X) −→ (S, s 0 ) is a flat deformation of a variety with rational singularities X then there exists a neighborhood U of s 0 such that for s ∈ U the fiber over s has also rational singularities (see [20] , Théorème 4). Given D ∈ Z∆ consider the subalgebra of C(X) defined as follows
This is the projective coordinate ring of a spherical variety, namely the image of X in the projective space P(Γ(X, L D ) * ). It is known that these rings have rational singularities (see [32] , or also [1, Remark 2.5] for another proof which is closer to the constructions of this paper).
Proposition 5.2. Let X be a wonderful variety and let D ∈ Z∆. Then C(X) and C D (X) have rational singularities.
Proof. By Corollary 5.1 we have that C(X) is a deformation of a multicone over a flag variety, which has rational singularites by (a), hence C(X) has rational singularities as well by (c).
In order to show the second claim, let D ∈ Z∆ be such that QD ∩ Z∆ = Z D. Then the inclusions ZD ⊂ Z D ⊂ Z∆ define a torus S . = Hom(Z∆/Z D) and a finite group Γ . = Hom(Z D/ZD). Moreover, we have natural actions of S on C(X) and of Γ on C(X)
S , and C D (X) = (C(X) S ) Γ . Therefore, by (b) it follows that C D (X) has rational singularities as well.
